In this research, we present a hierarchical Data Envelopment Analysis (DEA) methodology for competitiveness analysis. This methodology takes into account the heterogeneity of the decision making units (DMUs) as well as the diversity of the comparison criteria. We propose to homogenize the DMUs by grouping them hierarchically, which permits a better identification and definition of the criteria in each specific grouping. The methodology proceeds first by the determination of the performances or relative efficiencies, which are in turn aggregated into competitiveness indices in each grouping by the superiority index of [1]; then, the overall competitiveness indices are determined additively along the hierarchical levels. We illustrate the methodology by a competitiveness analysis of several companies belonging to different sectors of activity in an economy, where are suggested ways of improvement for the non-competitive companies within their sectors and within the economy.
Introduction
As there is no perfect system to effectively evaluate the competitiveness of a company, managers typically use a range of measures of a financial and non-financial nature, both internal and external. The importance and popularity of these measures vary considerably over time and from one company to another. The typical approach consists, in most cases, in identifying the same measures of competitiveness for each company, measuring them in the same manner, and calculating an index of competitiveness for each firm using a given model. This approach is acceptable if these companies are fairly homogeneous but it becomes inappropriate if the homogeneity of the companies is not evident. This is the case if the companies belong to different sectors or to different environments (countries, regions, economic areas, etc.). Indeed, in today's world, it would be illogical to evaluate biotech, electronic, aeronautical, agricultural, or textile companies using the same indicators of competitiveness and in the same way.
Data Envelopment Analysis [2] is a technique for measuring performance, which is defined in this research as a relative efficiency. Its application in competitiveness analysis was suggested for the first time by [3] . Subsequently, [4] proposed using the model of [5] to measure the competitiveness of nations, and [6] used the Moving Frontier Analysis to perform a competitiveness analysis of high-tech factories. All these studies have demonstrated that DEA was appropriate for the study of competitiveness analysis problems because it provides, through the principle of data envelopment, a reference for current and potential comparison to organizations for effective formulations of competitiveness strategies. However, evaluating the competitiveness of companies requires the selection of the most appropriate competitiveness indicators and the use of appropriate models. These determinants are usually multiple and very diverse and, as the company is not an isolated actor in its environment, its competitiveness is influenced by the industry and the nation. Indeed, [7] state that sector membership of a company is a source of influence on the potential competitiveness of this company. For its part, [8, 9] argues that the environment in which firms operate af-fects significantly their competitiveness and that of their industries. Meanwhile, [10] suggests that it is useful to consider competitiveness at three different levels of aggregation: the enterprise, the industry, and the country as a whole. For each level of aggregation corresponds various indicators of competitiveness that differs depending on whether it is economic growth or the current and future well-being of a company, a sector or a country that is under consideration. It is to be noted also that some notions of competitiveness only apply to a given level of aggregation and not to others.
Our study is considered within this context and proposes an approach to measure the competitiveness of heterogeneous companies in an economy where, it is important to take into consideration both their basic and specific characteristics of companies under consideration. We propose, therefore, following the approaches advocated by [7] [8] [9] [10] to use a tree structure with three levels (company, industry and economy) to better identify the competitiveness indicators of companies in an economy. The competitiveness of a company in an economy is then a combination of the competitiveness of its sector within this economy and the competitiveness of the specific company in this sector. Two key points underlie this approach. First, a company's industry membership has a decisive influence on its competitiveness, not only within its own economy, but also by comparison with the same sector in different economies [7, 8, 10, 11] . Second, some companies' competitiveness indicators are valid only for certain sectors and the same for those of sectors in certain economies [8] [9] [10] . In addition, the common indicators may not necessarily have the same importance for one company in comparison to another, especially if these companies come from different sectors within different economies. Indeed, in such situations, the technologies used on both sides are different and characterized by the industry or the economy. Our methodology is the first one, to our knowledge, to propose an analytical model to measure the competiveness of heterogeneous companies, and also the first one using a hierarchical structure in DEA in this context.
Our proposed model, which is based on the DEA technique [2], meets the need expressed by [12] for a formal model-based approach to competitiveness analysis that managers or policy makers can use for strategic decision making. However, given that DEA is designed to evaluate homogeneous units, we propose to adapt the technique into a tree representation form with two grouping levels (economy and sectors) so as to homogenize the data in each level. Our approach is also the first one to propose an explicit way to homogenize the DMUs in DEA by adopting a hierarchical structure when there are heterogeneity problems. The conceptual hierarchical structure of our problem is presented in Figure 1 where the economy consists of n sectors evaluated on c performance criteria and where for each sector s, there are n s companies evaluated on c s performance criteria. To our knowledge, no study has so far treated a similar conceptual and methodological structure, although some studies using DEA in hierarchically structured problems have been conducted [13] [14] [15] [16] . For example, [14, 16] evaluated the relative efficiency of several power stations, each consisting of several units and defined same inputs-outputs for the units and the power stations with few specifics for the latter. The inputs-outputs shared between power stations and power units were aggregated additively to the top level of the hierarchy to assess the relative efficiency of the power stations. In turn, [15] used an approach similar to that of [14] and [16] where the units and sub-units were, respectively, the universities and their faculties or departments. For their part, [13] provided a classification of the DEA models that had assessed DMUs whose internal structure was know and could be represented as hierarchical networks. All these authors [14] [15] [16] also confirm that taking into account the hierarchical structure of the problem allows for a better assessment of the units under study. Now consider that the criteria of competitiveness of each level consist in criteria to maximize and criteria to minimize (by analogy, respectively, outputs and inputs of DEA), and that we have the data at all levels (companies and sectors). The notations used in this research are: n number of DMUs (companies or sectors) t number of outputs (criteria to maximize) m number of inputs (criteria to minimize) x ij value of input j for DMU i y ik value of output k for DMU i E ij P performance of sector i from the point of view of sector j in economy E  r virtual multiplier (or relative importance) of output r  s virtual multiplier (or relative importance) of input s  small positive real value The remainder of the paper is structured as follows. In Section 2, we develop the main models for calculating the performance of sectors in the economy and those of companies in their respective sectors. Then, in Section 3, we proceed to the aggregated performance to calculate the various indices of competitiveness. Section 4 shows the application of our methodology and illustrates the ways of improvements for companies and sectors. Finally, Section 5 summarizes the paper and presents future research issues.
Calculation of Performances
The performance is defined here as the relative efficiency ratio of DEA [2] which is the weighted sum of the outputs over the weighted sum of the inputs, and takes its values within 0 and 1. In a first stage, we evaluate the performance of sectors in the economy, and then in the second stage, we evaluate the performance of companies in their respective sectors. In both stages, we use crossefficiency evaluations [17, 18] , which aim to reflect the strategies of competitors on the performance of each unit (company or sector) and discriminate among these sectors and companies.
All models presented in this section are related to that of [2] and can therefore be solved by the transformation of [19] . There are no restrictions on using other types of DEA models such as the models of [20] and those in [21] for example.
Performance of Sectors in the Economy
The performances of the sectors are determined by conducting cross-efficiency evaluations among sectors. These cross-efficiency evaluations consist in first determining the maximum performance of each sector according to its own point of view (1) subject to the requirement that the performances of all other sectors do not exceed one (2) for the same values of the virtual multipliers (3). The same virtual multipliers are used to calculate the maximum performance of all the other sectors according to the point of view of the considered sector. However, in some situations, there is no uniqueness of the virtual vector of multipliers that gives a maximum performance in the model (1-3). In this case, the model (4-7) also known as a benevolent formulation (see [17, 18] ) will be used to choose among these vectors of multipliers the one that, according to the point of view of this sector, gives the maximum performance for each other sector. However, there is no restriction to use other cross-efficiency models as those discussed in [18, 22] .
Let x is and y ir be the values of the input s and the output r for the sector i (S i ). The evaluation of sector i by itself (self-evaluation) or, in other words, the performance level of sector i in its strategy is obtained as follows:
where  r ,  s are the coefficients of importance (or virtual multipliers) of outputs r and inputs s of S i and are the decision variables.
After their self-assessments, each sector j will evaluate each of the other sectors i or, in other words, it will determine the level of performance that it gives to sector i in its strategy. The evaluation of sector i by sector j is performed as follows:
After this first stage, i.e. the mutual evaluations of sectors, we get the performance matrix of sectors in the economy that we denote by . Subse-
quently, we turn to the second stage to evaluate, in each sector, the performance of the companies that belong to this sector.
Performance of Companies in Their Sectors
In the same way that we calculated the performance of sectors in the economy, the mutual evaluations of companies in their respective sectors are determined according to models (8-10) and (11) (12) (13) (14) . The characteristics of the two models are equivalent to those of the previous models presented in Subsection 2.1 (above) and interpreted the same way. Let 
, r s
Similarly, the evaluation of company i by company j in the same sector S (or in other words, its performance in the strategy of firm j) is as follows: 
At the end of this second stage, i.e. after the mutual evaluations of companies in all sectors, we get the performance matrices of the companies in their respective sectors that we denote by (
where n S is the number of companies in the sector S. After calculating the mutual performances of sectors in the economy and companies in their respective sectors, we aggregate them in indices of competitiveness of sectors in the economy and indices of competitiveness of companies in their respective sectors. Then we combine/aggregate, for each company, its index of competitiveness in its sector with that of its sector in the economy to obtain its index of competitiveness in the economy. Finally, we suggest competitiveness analysis strategies for the companies and the sectors in order to improve their efficiency and their competitiveness.
Measures of the Competitiveness Indices
In order to reflect the effect of competition between the units (sectors and companies), their strategies are compared and their performances aggregated, for each unit, into a competitiveness index, which synthesizes the value of the unit in its group (that is, against other units). The aggregation method chosen is the superiority index of [1]. We define, first, a partial index of competitiveness by comparing all units one by one. Specifically, we establish the comparison of two measures that each symbolizes a strategy, which is comparing two units i and j taking into account their own views of themselves and the perspective of each of them with regard to the others. This index is established from the matrices
calculated at level 1 (economy: k = E) and 2 (sector: k = S).
The index of competitiveness between two units i and j, which determines the amount by which unit i is more (or less, according to the sign) competitive than unit j is a partial measure computed as follows (see also [1]):
where k = E or S.
We thus obtain a partial symmetric competitiveness matrix
at each level 1 (k = E) and 2 (k = S). Second, from the partial index of competitiveness we deduce the overall index of competitiveness (IC) which incorporates all the strategies of the units. The IC determines for each unit an aggregated measure symbolizing its value compared to all other units that takes into account all their strategies. It is calculated for a unit i by the sum of its partial indices of competitiveness.
Having thus measured and analyzed the Ic k and IC k (k = E or S) of levels 1 and 2, we standardize them in order to determine the overall index of competitiveness of each company in the economy. The normalization procedure is as follows: 1) Sort the units from the best to the worst according to IC k (k = E or S); 2) Determine the overall superiority intensity (OSI) of each unit compared to the unit preceding it in the list by subtracting the IC of the current unit from that of the unit that precedes it (the last unit has an overall superiority intensity equal to zero: OSI = 0); 3) Sum, for each unit, the OSI with that of all the other units that precede it in the list; 4) Divide, for each unit, the OSI determined in the preceding step by that of the top unit to obtain its standardized IC k (k = E or S). The IC k (where k = E or S), thus standardized, provides the same rankings to those IC k before the standardization, and their values range from 0 (worst) to 1 (best).
The index of competitiveness of a firm i (belonging to sector j) in the economy is then determined as follows: 
Illustration
The illustration of our approach is performed on a simulated example of evaluating the competitiveness of 81 companies in an economy where the companies have been grouped into 6 sectors. This simulation is based on a confidential competitiveness analysis of Tunisian firms that we performed for the "Sécretariat d'État à la Recherche Scientifique et à la Technologie". Given the current inability to publish this study, we opted for a simulation based on this real study to illustrate and validate our methodology. We generated data for the companies in their respective sectors and for the sectors in the economy. The sectors are evaluated on two criteria to minimize (inputs) and two criteria to maximize (outputs). Companies in sector 1 are evaluated on three inputs and two outputs. Companies in sector 2 are evaluated on three inputs and two outputs. Companies in sector 3 are evaluated on two inputs and four outputs. Companies in sector 4 are evaluated on four inputs and three outputs. Companies in sector 5 are evaluated on three inputs and four outputs. Companies in sector 6 are evaluated on one input and seven outputs. The tables in Appendix A show the data (columns whose titles begin with "in" correspond to inputs and those with "out" to outputs), efficiency ratios (column E.R.) and indices of competitiveness (column IC) of the sectors in the economy and of the companies in their respective sectors. The first table in Appendix B summarizes the rankings of sectors and companies in their groups while the second table of this appendix gives us the indices of competitiveness (column IOC) and the rankings of the companies in the economy (column Rank). Table 1 of Appendix A which is the synthesized/summarized result of models (1-3) and (4-7), shows the data sectors, their efficiency ratios and their standard indices of competitiveness (calculated from equation 16). The resulting ranking gives sectors 4 and 3 the first and second places with indices of competitiveness of 1 and 0.9627 respectively, while the last two places are occupied by sectors 2 and 6 with indices of 0.2016 and 0 respectively. Similarly, Table 2 of Appendix A is a summarized result of models (8-10) and (11) (12) (13) (14) for the companies in sector 1. Thus, the ranking of the companies of sector 1 assigns companies 7 and 4, with indices of competitiveness of 1 and 0.8289, to the first and second places respectively, while the last two places are occupied by companies 8 and 9 with indices of 0.0877 and 0 respectively. All rankings are reported in Table 1 of Appendix B.
At the aggregate level, Table 2 of Appendix B presents the standard indices of competitiveness (calculated from equation 17) and ranks companies in the economy. This ranking gives the first, second, third and fourth places to companies 17 in sector 4 (E17S4), 1 in sector 3 (E1S3), 16 in sector 4 (E16S4) and 15 in sector 4 (E15S4) with indices of competitiveness of 1, 0.9814, 0.9736 and 0.9639 respectively. The last four places are occupied by companies 5 in sector 2 (E5S2), 9 in sector 2 (E9S2), 13 and 16 in sector 6 (E13S6 and E16S6) with indices of 0.1836, 0.1008, 0.0524 and 0 respectively. Strategic interpretations and recommendations related to the above analysis can be performed for sectors and companies. They are based on the results of dual programs (1-3) for the sectors, and (8-10) for companies in their respective sectors. The details of these results are only reported for the sectors in the economy (Appendix C- Table 1 ) and for companies in sector 1 (Appendix C - Table 2 ) in order to reduce the size of the paper. With respect to the sectors, only sectors 3, 4 and 5 are efficient. These results are reflected by the proportions of the contribution of each indicator in the efficiency ratio and therefore on the index of competitiveness. For sector 1 which is inefficient, for example, (its efficiency ratio is 0.9701 < 1), the reference sectors are sectors 3 and 5 respectively with weights of 0.3881 and 0.5821. The improvements needed for it to become efficient are to reduce its input 1 by 0.6866, its input 2 by 0.7164, and to increase its output 1 by 0.4179 (See Appendix C- Table  1 ). The same reasoning applies for all the other inefficient sectors. Just consider, for each sector, the improvements recommended on its indicators to make it more efficient and competitive. This suggests that actions in terms of economic policies are needed from the public authorities to improve the indicators used in the directions recommended in order to make the sector more competitive.
Similarly, for individual companies in their respective sectors, companies which are inefficient are identified and appropriate adjustments on some of their indicators are recommended based on their units of reference. For sector 1, companies 4, 6, 7 and 10 are efficient, and all others are inefficient. In this case, company 1 of sector 1 has an efficiency ratio of 0.8466 (<1) and its benchmark companies are companies 4, 6 and 7 respectively with weights 0.5174, 0.3885 and 0.0573. The improvements needed for it to become efficient in its sector are to reduce its input 1 by 1.5357, its input 2 by 0.1227, its input 3 by 92.0246 and not to increase its two outputs ((See Appendix C-Table 2) ). This suggests that management and planning actions are needed to improve the indicators used in the directions recommended in order to make the company more competitive.
Regarding now the improvements of the companies in the economy, we consider both the improvements of the companies in their sectors as well as those of the sectors in the economy. For company 1 of sector 1 to become efficient and more competitive in the economy, not only it must be adjusted in its sector, but its sector must also be adjusted in the economy. The optimal improvements for this company to become efficient are to reduce, in sector 1, its input 1 by 1.5357, its input 2 by 0.1227, its input 3 by 92.0246 and not to increase its two outputs. In addition, its sector must reduce, in the economy, its input 1 by 0.6866 and its input 2 by 0.7164 while increasing its output 1 by 0.4179. The same reasoning applies for all the other companies in the economy. Companies that are efficient in their sectors, and whose sectors are efficient in the economy do not require any specific improvements, but only some monitoring. Companies that fall into this category are companies 1, 3, 4, 8, 9, 10, 11, 12, 13 and 14 of sector 3, companies 2, 5, 7, 9, 10, 11, 15, 16 and 17 of sector 4, and companies 1, 2, 3, 4, 6 and 7 of sector 5.
In order to explain or justify the level of competitiveness of a company i belonging to a given sector j (E i S j ), one should adopt the same considerations as in the previous analysis by addressing the competitiveness of the sector j in the economy and the competitiveness of company i in its sector. For example, if E i S j is weakly competitive at the global level, the reasons for this weakness in terms of competitiveness analysis can be explained or justified by the following: 1) the low level of competitiveness of company i in its sector and, in this case, decision-makers must take the necessary steps to bring its competitiveness to the same level as the competitive companies in its sector (S j ); 2) the low level of competitiveness of the sector j in the economy where, in this case, the company generally has no control or influence on the indicators of the competitiveness of the sector; however, it is to be noted that if this study was sponsored or supervised by public administration, authorities could then take the necessary actions (economic and trade policies) to improve the competitiveness of sector j and therefore this will be reflected on the competitiveness of E i S j in the economy; or 3) both scenarios may apply.
Conclusions
In this paper, we proposed a new methodology for evaluating hierarchical performance that we illustrated through a simulated case. Our methodology takes into account the heterogeneity of the companies to be compared. It suggests a tree structure form with two groupings (economy and sectors) in order to better identify and define the appropriate indicators of competitiveness. It calculates for each grouping level the performance ratios by using the DEA technique. In each grouping level, we also determined the indices of competitiveness of the compared units (companies and sectors). We have also proposed a combination of two grouping levels of performance to infer the performances and indices of competitiveness in the economy. Finally, the case studied and the results obtained demonstrate the applicability of the proposed methodology.
The approach developed here refers only to a case of evaluating companies in an economy using a single level of grouping through economic activity sectors. However, our approach, with the conceptual framework described here, could also be used in other areas. For example, it could be applied to a comparison of the competitiveness of globalized companies taking into account their affiliations to given countries, sub-regions, or economic spaces and providing new ways for grouping on several levels, where at each level several comparison indicators could be considered. Furthermore, as most economic and social information is by nature generally ambiguous, uncertain or unclear, it is also important to extend the competitiveness measure to the fuzzy context. 
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